The problem of poverty is one of the most important problems faced by many countries in the world, especially developing countries. Decision-makers in many countries and international organizations are developing programs and plans to reduce or eliminate the poverty in the countries that suffer from. In this paper, the new model will be introduced to minimize the poverty level in a population using the inverse optimization programming problem. This model will help the decision maker to determine the optimal distribution of income aids that can be given to the poor people in the poorest areas or groups in a population to decrease the poverty. For illustration, our model will be applied using real data sets collected in Egypt in 2014/2015.
Introduction
To alleviate poverty, many programs are developed by decision makers such as increasing the income of poor people to decrease the poverty levels in a population. (B. Bidani and M. Ravallion, 1990 ) introduced nonlinear programming model to determine the optimal distribution of income aids that give to the poor people to minimize the poverty level and applied the study in Indonesia. (N. M. Albehery, 2003) [2] suggested the deterministic nonlinear goal programming model and the probabilistic nonlinear goal programming model, the two models are introduced to find the optimal distribution of income aids given to the poor people to minimize the poverty and applied the models to Egypt data.
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Inverse optimization problem is one of the most important problems that are relatively new area of research and have wide applications in industrial areas and economics. (D. Burton and P. L. Toint, 1992) [5] introduced the inverse optimization. In general, the optimization problem is to find x * ϵ x such that the objective function p(x, c) is optimal at x * . The parameter value of the objective function or the right hand side of the problem can be adjusted as little as possible, so that the given feasible solution becomes optimal solution. (J. Zhang and Z. Liu, 1996) [16] [13] introduced the algorithm to solve the inverse nonlinear convex problems and presented two applied examples.
In this paper a brief review of poverty measures is presented in section 2. In section 3, mathematical programming to determine the optimal distribution of income aids in the previous studies is presented. In section 4, the definition of the inverse optimization problem is introduced. In section 5, the inverse optimization problem will be used to find the optimal distribution of income aids that make the feasible minimum value of poverty measure is optimum. Applied example will be presented using real data sets collected in Egypt in 2014/2015 in section 6. The conclusion is presented in section 7.
A brief review of poverty measures
(J. Y. Duclos and A. Arrar, 2006) [6] defined a poverty measure as the function of random variable X (income or expenditure) and a poverty line z that is the border line between the poor and the non-poor people, denoted by P(x, z), x ∈ [0, z) and z ∈ (0, ∞). (J. Foster, J. Greer and E. Thorbock, 1984) [8] introduced the most popular index in this class is called Foster's index that is defined as:
Optimum value of poverty measure 33 Where: n is the population size, q is the number of poor people in a population, z is the poverty line. When α = 0, the Foster's index is called the headcount ratio, denoted by H. When α = 1, it is called the poverty gap ratio, denoted by P 1 (x, z)When α = 2, it is called the severity of poverty or the distribution of income among poor, denoted by P 2 (x, z). The foster index can be expressed as a weighted sum of foster indices in m categories or groups of a population as the following:
Where: m is the number of categories (areas or groups of people) in a population, n j is a number of people in category j, and q j is a number of poor people in category j. In this paper, the foster poverty index will be used as the measure of poverty level in a population.
Mathematical programming to determine the optimal distribution of income aids
(T. Besely and R. Kanbur, 1988) [4] presented a study about the food aids that given to the poorest people in a population as the increasing of their income to decrease the poverty levels. The study used the foster index as followed:
Where y is the amount of income aid as the increasing of the poor's income. The study derived the change of the poverty measure P α (x, z) when y changes as the following:
(N. Kakwani, 1990 ) [12] calculated the percentage change of poverty measures in each area in a population respect to the income mean and the income inequality as the following:
Where: P i is the poverty measure in area number i, = , , … , , m is the number of areas in a population, μ i is the mean income in area i, is the poverty measure, η P i is the elasticity of prverty measure respect to the mean income in area i, G i is the gini index in area i, ξ P i , market price of the firm at risk equals $100000.
The inverse optimization problem
The mathematical form of programming problem
Consider the following programming problem:
Where: n is number of decision variables, m is number of constraints,
is the objective function of decision variable x j j , j = , , … , n, c j is the parameter of decision variables in the objective function, a ij is the parameter of X j in the constraint i where i = , , … , m and j = , , … , n and b j is the constant parameters in the right hand side of the constraint i, i = , , … , m.
The mathematical form of the dual programming problem
Since the dual programming problem is important to find the solution of the inverse optimization problem, the mathematical form of the dual programming problem will be defined. The dual programming problem for the linear programming problem defined in (7) takes the following form:
Where: m is number of dual decision variables, n is number of constraints, y i is the dual decision variable i , i = , , … , m, b i is the parameter of decision variable in the objective function, a ij is the parameter of Y i in the constraint j where j = , , … , n and i = , , … , m and c j is the constant parameters in the right hand side of the constraint j where j = , , … , n. Where: 0 and 0 are the optimal value of decision variable and the objective function respectively. Assume there is a feasible possible solution * for the problem in (7) and the decision maker is willing to make ( * , 0 ) is the optimal solution for the problem. The decision maker wants to make * is the optimal value for the decision variable and keeps the optimal value of the objective function 0 for the problem as the same value. Then the inverse optimization for the programming problem in (7) determinate by adjust the coefficient parameters c j of the decision variable in the objective function in problem (7). The inverse optimization problem for the programming problem can be defined by finding the new coefficient d j , j = , , … , n of the objective function to make ( * , 0 ) is the optimal solution for the problem as follows: 
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Where: y j * is the optimal value of the dual decision variable j , j = , , … , n .
The suggested inverse linear programming problem to find the optimal distribution of income aids
Assume the decision maker is willing to decrease the poverty level in a population by increasing the income of the poor people. The decision maker wants to determine the optimal distribution of income aids that can be given to the poor people in a population. As we introduced in section 3, (T. Besely and R. Kanbur, 1988) [4] presented a study about the food aids that given to the poorest people in a population by the increasing of their income to decrease the poverty levels see equation (4) . In this paper, the inverse optimization programming problem will be used to make the alternative distribution of income aids is the optimal distribution and make the poverty level in this population is minimum value as the following:
The basic objective function of our model is minimizing the poverty measure (Foster poverty index) "P α (x, z)" which is defined in (2) by increasing the income of poor people in a population as the following:
m is the number of areas or groups in a population, j= 1, 2, …, m, n is the population size, x j is the mean income of poor people in area j, s j is the amount of income aid that the decision maker needs to give to area j, z j is the poverty line which is the border line between poor and non-poor people in a population, q j is the number of poor people in area or group j.To minimize the poverty measure in (12) , some constraints will be defined as the following:
Where: S is the total amount of income aids that is fixed by the decision maker to give to the poor people in a population, s j is the amount of income aids that the decision maker needs to determine to give to the poor people in area or group j, j=1, 2, …, m, a ij is the parameter of the decision variable s j , j=1,2,…,m in constraint i, i=1, 2, …, n, this parameter is related by the characteristics of the poor people in each area or group. a j can be defined as the percentage of poor people, the percentage of the illiteracy, the percentage of unemployment, and the percentage of dropout from education in area j, and n is the number of constraints in the problem. Then the programming model will be in the following form: Second: Assume ( * , * ), = 1,2, … , is the optimal solution for the model defined in (14) . If the decision maker has a feasible possible solution for the decision variables ( 0 ), = 1,2, … , .
And he wants to make ( * , 0 ), = 1,2, … , is the optimal solution for the problem defined in (14) and keeps the minimum value of the optimal objective function * as the same value. Then the inverse optimization programming problem defined in (14) will be defined by adjusting the coefficients in the objective function ( ), = 1,2, … , by detriment the new coefficient parameter ( * ), = 1,2, … , to make ( * , 0 ), = 1,2, … , is the optimal solution for the programming problem as the following:
Where: Y j is the optimal dual decision variable j , j = , , … , m, J = { | 0 = 0}, J ̅ = {j |s j 0 > 0}, ‖c − d‖ p is the vector norm of degree p, when p = 1, the objective function is linear function but if p ≥ 2, the objective function is nonlinear. Let p = 1, the new value of d i * , i = 1,2, … , m can be calculated by the following form: 
Applied example
In this paper we will use data from 2014/2015 that is collected from the Household income, expenditure and consumption survey (HIECS) for the round 2014/2015.This survey was presented by ''Central Agency for Public Mobilization and Statistics (CAPMAS)'' the government agency to collect data in Egypt. Assume Egypt divided into urban area and rural area, and the decision maker wants to determine the optimal values of the income aid will be distributed to the poor people in these areas to decrease the foster poverty measure P α (x, S, z), when α = 1 . The household expenditure is used as indicator of welfare to estimate the poverty line. The relative poverty line will be used as the border line between poor and non poor people in a population and it is defined as a percentage of median of expenditure. By solving the above model using Excel solver, the optimal solution will be * = .
, * = . * = .
. The dual programming problem for the above linear programming problem using the binding constraints can be defined as follow: By solving the above dual problem using Excel solver, the optimal solution will be * = . , * = . * = . .
Assume the decision maker is willing to make alternative possible distribution of the income aids where the feasible possible amount of income aids that are given to urban and rural Egypt by = . , = . and he wants to keep the minimum of gap poverty value at * = . . − . = .
The new coefficient of the decision variables of the objective function will be (0.004741, 0.0045) instead of (0.004431, 0.005303) that make the feasible possible values of the decision variables (2.95, 1.7) are the optimal solution for the suggested model and satisfy the minimum value of the gap poverty measure at 0.022.
Conclusion
Inverse optimization programming problem provides decision makers with an opportunity to take alternative policies. This paper use the inverse optimization problem to make a feasible possible distribution of income aids is the optimal distribution to make the poverty level in a population is minimum value. In our applied example, the coefficients of the decision variables in the objective function are adjusted to be new coefficients. The new coefficient make the possible distribution of income aids is optimal distribution that minimize the poverty level in a population.
